Abstract. The one-dimensional asymmetric simple exclusion process (ASEP), where N hard-core particles hop forward with rate 1 and backward with rate q < 1, is considered on a periodic lattice of L site. Using KPZ universality and previous results for the totally asymmetric model q = 0, precise conjectures are formulated for asymptotics at finite density ρ = N/L of ASEP eigenstates close to the stationary state. The conjectures are checked with high precision using extrapolation methods on finite size Bethe ansatz numerics. For weak asymmetry 1 − q ∼ 1/ √ L, double extrapolation combined with an integer relation algorithm gives an exact expression for the spectral gap up to 10-th order in the asymmetry.
Introduction
The one-dimensional asymmetric simple exclusion process (ASEP) [1, 2] is a Markov process describing hard-core particles moving locally on a lattice, with the exclusion constraint that each site is either empty or contains a single particle. The particles hop of one site in the forward direction with rate 1 and of one site in the backward direction with rate q, 0 ≤ q < 1, if the destination site is empty. We consider in this paper the model with N particles on a periodic lattice of L sites, in the limit L, N → ∞ with fixed density ρ = N/L, 0 < ρ < 1.
It is expected that the only influence of the asymmetry parameter q on the large scale behaviour is a rescaling of time by a factor 1 − q for fixed q < 1. This was shown for the model defined on the infinite line Z [3, 4] and for stationary fluctuations in the periodic model [5, 6] . More generally, ASEP belongs at large scale to KPZ [7] universality [8, 9, 10, 11] , which also describes fluctuations in some classes of driven diffusive systems, interface growth models and directed polymers in random media. KPZ universality is characterized in one dimension by a dynamical exponent z = 3/2. For a finite system of L sites, it leads to different behaviours at short time and long time, with a crossover on the relaxation scale t ∼ L 3/2 . The short time behaviour corresponds to the model defined on the infinite line, where there is much evidence for KPZ universality [12, 13] , and where fluctuations are characterized by Tracy-Widom distributions from random matrix theory. The long time behaviour corresponds to the non-equilibrium steady state, and there is also reasonable evidence for the universality of KPZ fluctuations there, with the Derrida-Lebowitz stationary large deviation function appearing for several models [5, 14, 6, 15, 16, 17] .
ASEP is an exactly solvable model. Its generator is the Hamiltonian of a twisted XXZ spin chain with anisotropy ∆ = (q 1/2 + q −1/2 )/2 > 1, which is diagonalizable using Bethe ansatz. The study of the large scale behaviour of ASEP requires asymptotics of the eigenvalues and the eigenvectors of the generator. Very explicit formulas were obtained recently [18] for such asymptotics in the totally asymmetric model (TASEP) q = 0, due to the special structure of the Bethe equations when ∆ → ∞, leading to exact expressions for fluctuations on the relaxation scale. Another approach based on the propagator is also possible [19] . Under the assumption that KPZ universality holds in the crossover between the short and long time limits, the TASEP asymptotics should also be valid for ASEP with 0 < q < 1. Precise conjectures are formulated in this paper for the eigenstates. They are checked numerically with high precision using powerful extrapolation methods applied to finite size Bethe ansatz numerics. The extrapolation methods also allow to probe the weakly asymmetric regime 1 − q ∼ 1/ √ L corresponding to a crossover to equilibrium fluctuations, which we illustrate for the spectral gap.
In section 2, we summarize various finite size Bethe ansatz formulas for the eigenstates of ASEP, with the algebraic formulation of Bethe ansatz recalled in Appendix A, and numerical schemes for solving the Bethe equations discussed in Appendix B. Conjectures for asymptotics of ASEP eigenstates and their consequences for current fluctuations are stated in section 3. The asymptotics are checked numerically using extrapolation methods in section 4, where the case of the spectral gap for weak asymmetry is also discussed.
Bethe ansatz for ASEP
In this section, we summarize known finite size Bethe ansatz formulas for the eigenstates of ASEP. Some of them were already known in the context of ASEP, others are translated from the literature on the XXZ spin chain.
Master equation
ASEP is a Markov process. The probability P t (C) to observe the system in a configuration C at time t is given by a master equation. Then
with M the Markov matrix, C|P t = P t (C), and C 0 |P 0 the initial probabilities at time 0. We consider the (time-integrated) current Q 0 between site L and site 1 up to time t, defined as the number of moves of particles from site L to site 1 minus the number of moves from site 1 to site L. The generating function of Q 0 can be computed using a deformation M(γ) of the Markov matrix, with γ a fugacity conjugate to the current and
(γ) with local operators M i,i+1 (γ) acting only on sites i and i + 1. Their matrix in the local basis (1 i 1 i+1 , 1 i 0 i+1 , 0 i 1 i+1 , 0 i 0 i+1 ), with 1 and 0 denoting respectively occupied and empty sites, is
The generating function of the current is then equal to [18] 
The operator S, diagonal in configuration basis, is defined by S|C = ( 
Bethe ansatz
The matrix M(γ) can be diagonalized using Bethe ansatz, see e.g. [5] . Each eigenstate is completely characterized by N complex numbers y j , j = 1, . . . , N, the Bethe roots, that satisfy a set of N polynomial equations called the Bethe equations:
The corresponding eigenvalue of M(γ) is equal to
and the eigenvalue of the translation operator is
with p ∈ Z the total momentum. The right and left eigenvectors of M(γ), defined from the algebraic Bethe ansatz in Appendix A, can be written explicitly in coordinate form. For a configuration with positions x ordered as 1 ≤ x 1 < . . . < x N ≤ L, one has
with S N the set of N! permutations of {1, 2, . . . , N}. Since M(γ) is not Hermitian, the left and right eigenstates are different. They verify however (
j ) x|ψ = ψ|x withx related to x by space reversal,x j = L+1−x N +1−j , j = 1, . . . , N, since transposing M(γ) is the same as reversing space.
Completeness of the Bethe ansatz is the hypothesis that the Bethe equations (4) have exactly Ω = L N acceptable solutions such that the corresponding eigenvectors form a complete basis of the space generated by configurations with N particles. Completeness is widely believed to be true based on numerics for small systems, but is difficult to prove rigorously, see however [20, 21, 22] for mathematical results for the exclusion process.
Scalar product of Bethe eigenstates
The Bethe eigenstates are not normalized. Their scalar product is given by the Gaudin determinant [23, 24] 
The derivative with respect to y i in the determinant has to be computed before setting the y j 's equal to a solution of the Bethe equations (4). At q = 0, the determinant can be calculated explicitly [25] , which allows the asymptotic analysis for large L, N [26] . The Gaudin determinant is a consequence of the Slavnov determinant [27] for the scalar product between a Bethe eigenstate ψ y with Bethe roots y j and a Bethe vector ψ w with arbitrary parameters w j not solution of Bethe equations, ψ y |ψ w = (−1)
The quantity
is the eigenvalue of the transfer matrix T (w), a fundamental object in the algebraic formulation of Bethe ansatz, see Appendix A.
Special configurations
In order to compute the statistics of the current for a given initial condition from the expansion of (3) over eigenstates, the scalar product between the initial configuration and the eigenvectors is needed. Two particularly interesting classes of initial conditions are the flat configurations, where particles are equally spaced, and the step configurations, for which particles occupy consecutive sites. Exact formulas can be written for these two cases, translating previous results for the XXZ spin chain. Let F be the flat configuration of a half-filled system N = L/2 with particles at positions x j = 2j, j = 1, . . . , N. Then, the XXZ result for the Néel state [28] implies
Let S be the step configuration with particles at positions x j = j, j = 1, . . . , N for arbitrary density ρ = N/L. Another result for the XXZ spin chain gives [29] ψ|S = e
Both (12) and (13) already assume that the y j 's are solution of the Bethe equations.
Sum over configurations
Computing current fluctuations from (3) requires the scalar product between C C|e −γS and the right eigenstates. The scalar product between left eigenstates and C e γS |C is also needed for the stationary initial condition |P 0 ∝ C |C . These scalar products can be computed from the Slavnov determinant (10) similarly to what is done in [30] for TASEP. Indeed, in the limit where all w j 's converge to 0, the Bethe vectors reduce to
and one finds
Furthermore, the mean value and stationary two-point function of the density can be computed by inserting in (3) operators η i counting the number of particles (0 or 1) at site i. Formulas similar to (16), (17) are then needed with the operator 1 {η 1 (C)=0} inserted. We conjecture
These expressions were first guessed using a computer algebra system for N = 1, 2, 3 and L arbitrary, by calculating explicitly the sum over all configurations and replacing each occurrence of (1 − qy j ) L by its expression coming from the Bethe equations (4). The formulas were then confirmed for all Ω = L N eigenstates of all systems with 1 ≤ N < L ≤ 9, q = 0.1 and a generic value for γ, by solving numerically the Bethe equations for the eigenstates using the method of Appendix B.
Asymptotics of ASEP eigenstates
In this section, we consider the first eigenstates of ASEP, whose eigenvalues have a real part scaling as L −3/2 . We first recall the TASEP results, and then state precise conjectures for ASEP asymptotics guided by KPZ universality.
First eigenstates of TASEP
Each eigenstate of TASEP, and also of ASEP by continuity, is characterized by a set of N (half-)integers k j , j = 1, . . . , N, defined in (B.1). In order to study ASEP on the relaxation scale t ∼ L 3/2 , only the eigenstates of M(γ)−(1−q)ρ(1−ρ)Lγ1 corresponding to eigenvalues with a real part ∼ L −3/2 are needed. For TASEP, such eigenstates can be described as quasiparticle-hole excitations over the Fermi sea k 0 j = j − (N + 1)/2 representing the stationary state [31, 32] , see also [33] for the case with open boundaries. These eigenstates are denoted in the following by the subscript r. Each one is described by two finite sets of half integers P, H ⊂ Z + , as
where P ± , H ± represent the positive and negative elements of P and H. The elements of P and H represent respectively momenta of quasiparticle and hole excitations, with total momentum p r = a∈P a − a∈H a. The cardinals of the sets verify the constraints
In particular, both P and H have the same cardinal m r = |P| = |H|.
Many TASEP asymptotics of eigenstates are expressed in terms of the function
with χ 0 defined in terms of the Hurwitz ζ function as
and the elementary excitation with momentum a
The function χ 0 is analytic for
. This is also the case for ω a when a ∈ Z + 1/2, and thus for χ r for any eigenstate r. The function χ 0 has an alternative expression as a polylogarithm,
Asymptotics of eigenstates of M(γ) for TASEP with finite rescaled fugacity
also involve the quantities ν r solution of
and the function
2 .
An alternative expression for D r (ν) as a Cauchy determinant exists [18] .
Numerical conjectures for ASEP eigenstates
From KPZ universality, the eigenvalues of ASEP should be the same as the ones of TASEP in the thermodynamic limit L → ∞ with fixed density ρ and rescaled fugacity s, up to a global factor 1 − q:
This was already shown for the gap r = 1 when γ = 0 [34] and for the stationary state r = 0 when γ ∼ L −3/2 [6] . For a general eigenstate of ASEP, obtained by continuity after increasing q starting from the TASEP eigenstate with r = (P, H), it leads to
with χ r defined in (21), and ν r the solution of (25) with rescaled fugacity (24) . From KPZ universality, one also expects that in the thermodynamic limit the Bethe eigenvectors of ASEP are the same as those of TASEP, up to a normalization factor λ(q) independent of the eigenstate. From (16) or (18),
Then (17) and (19) suggest that the asymptotics of the product of the y j 's is independent of q. From [32] ,
1
TASEP results also lead to a conjecture for the asymptotics of the norm (9) of Bethe eigenstates:
Finally, TASEP asymptotics for the components of eigenstates corresponding to a flat configuration (at half-filling ρ = 1/2) and to a step configuration (at arbitrary filling ρ with sites 1 through N occupied) lead to
and 
Current fluctuations
The previous asymptotics lead to exact expressions for the current fluctuations in the large L limit with fixed rescaled time
and fixed density of particles ρ = N/L. In order to avoid the need of a moving reference frame, required by the typical velocity 1 − 2ρ of density fluctuations, we consider only the half-filled case ρ = 1/2. We define the current fluctuations as
The term R can be understood from Burgers' hydrodynamic evolution in the time scale t ∼ L [35] . It is equal to R = 0 for flat and stationary initial condition and R = −|x|/2 for step initial condition with the current Q i counted at site
The first cumulants of ξ τ corresponding to (38)-(40) are plotted in figure 1 along with results from simulations of TASEP and ASEP with q = 1/2. The agreement is excellent for TASEP, except for the mean value in the step case due to 1/ √ L finite size corrections instead of 1/L for all the other cumulants. The agreement is also good for ASEP, except for the mean value with flat and step initial condition.
The functions χ r , D r and the quantities ν r are defined in section 3.1. At long time (38)-(40) imply that the large deviation function of ξ τ is the Derrida-Lebowitz function, while at short time numerical evaluations of (38)-(40) indicate that the statistics of τ −1/3 ξ τ is described by a Tracy-Widom distribution, in agreement with the results on the infinite line [18] .
The asymptotics of eigenstates also give the mean value and stationary twopoint function of the density by setting γ = 0 in (3). By translation invariance, η i stat = η i flat = 1/2. For step initial condition with sites 1 through N occupied, the density fluctuations σ(
The sum is over all eigenstates r = (P, H) except the stationary eigenstate. The exact expression (41), plotted in figure 2, agrees very well with simulations of TASEP and ASEP. Similarly, one finds for the stationary two-point function of the density The stationary two-point function is plotted in figure 3 . The agreement with simulations is good, although noticeably worse than for the one-point function due to the smaller system size studied, which was imposed by the much larger number of realizations needed in order to compute accurately the average.
The expressions (38)-(42) are identical to the ones obtained for TASEP in [18] . They look quite similar to discretized functional integrals with the action
) of a scalar field in a linear potential. The kinetic part of the action is hidden in D 2 r (ν). The discrete realizations ϕ r of the field ϕ are related to the functions χ r by ϕ r (v) = χ ′ r (v). Since the value of ϕ r at the upper limit of the integral in the action is equal to ϕ r (ν r ) = s, one can identify ϕ r as a field conjugate to the current.
Extrapolation methods for asymptotics of eigenstates
Exact calculations for TASEP [32, 26] indicate that quantities such as eigenvalues, normalization of Bethe states, and components of Bethe states for simple configurations have a clean asymptotic expansion with exponent θ = 1/2
in the variable z = 1/L. Assuming that the same is true for ASEP, which is supported by the exact calculation [34] of the gap, powerful extrapolation methods can be used to extract numerical evaluations with high accuracy of large L asymptotics from the knowledge of a few finite size values. We believe that extrapolation methods should also be very successful in many other integrable models, due to the the availability of finite size expressions that can be evaluated numerically with high precision for moderately large systems combined with the existence of clean asymptotic expansions (see e.g. [36] for an example in the XXZ spin chain, where expansions with θ = 1 are found).
Richardson extrapolation
Expansions of the form (43) allow an extremely precise evaluation of the leading term a 0 from the knowledge of a few values f (z 1 ), . . . , f (z n ) with 0 < z 1 < . . . < z n , by removing step by step the contributions of a 1 , a 2 , . . . , a n−1 . Starting from the values f 
This procedure is called Richardson extrapolation. Several versions exist depending on the precise choice of the iteration. The Aitken-Neville step
corresponds to polynomial extrapolation: it leads to f n 1 = P (0) with P the unique interpolating polynomial of degree n − 1 such that P (z j ) = f (z j ), j = 1, . . . , n. The Bulirsch-Stoer method [37] , which we use in this paper, has 0) where R is the unique interpolating rational function with numerator and denominator of respective degrees ⌊(n − 1)/2⌋ and ⌊n/2⌋ such that R(z j ) = f (z j ), j = 1, . . . , n. Rational extrapolation gives usually better results, especially when f has singularities close to 0.
Both iteration procedures require for large n the knowledge of the f (z j ) with high precision. Typically, one needs better precision than the standard 16 digits double precision in order for the result of the extrapolation to improve when increasing n to values larger than 10 or 15.
Application to asymptotics of ASEP eigenstates
We used the rational extrapolation method in order to check the conjectures of section 3 for the asymptotics of ASEP eigenstates. All the computations were done for the generic value of the fugacity s = 0.2 + i.
Numerics for finite systems with ≈ 1000 digits precision were obtained from the resolution of the Bethe equations using the procedure detailed in Appendix B. We used the variant with Newton's method, which seemed generally faster for our computations, especially for larger systems. This might however be due to our particular implementation, and more advanced methods to solve the system of differential equations in the other variant discussed in Appendix B might be faster, in conjunction with Newton's method in the end to get arbitrary high accuracy.
The finite size calculations were performed at density ρ = 1/2, ρ = 1/3 and ρ = 1/4 with asymmetry q = 0.1 (respectively q = 0.5), for all 18 (resp. 8) eigenstates r = (P, H) with M = a∈P |a| + a∈H |a| ≤ 3 (resp. M ≤ 2). The system sizes considered were
, L max with L max equal for density ρ = 1/2, 1/3, 1/4 to L max = 300, 390, 520 (resp. L max = 260, 390, 520).
The asymptotics (27) for the eigenvalues was checked by subtracting from the finite size values the first two terms of the asymptotics and multiplying everything by L 3/2 before using the extrapolation method. The asymptotics (29)- (35) were checked by computing the ratio between the finite size values and the divergent factors of the asymptotics before using the extrapolation method. The finite size values are computed for all system sizes up to the maximal system size considered. The result of the extrapolation method truncated at the estimation of the error is then compared with the conjectured asymptotics. A perfect match was found within the estimated error of the extrapolation method, which corresponds to at least 22 digits precision in all cases with q = 0.1 and to at least 8 digits precision in all cases with q = 0.5.
Application to the spectral gap of WASEP: double extrapolation
The extrapolation method can also be useful in cases where asymptotics are not known. We illustrate this here in the weakly asymmetric regime (WASEP), where
with fixed µ. This regime corresponds to the crossover between KPZ and equilibrium fluctuations, for which few analytical results have been obtained so far with periodic boundary conditions. We focus on half-filled case ρ = 1/2 with fugacity γ = 0 and consider the spectral gap E 1 , equal to the non-zero eigenvalue with largest real part.
One expects
The function e 1 is plotted in figure (4) . For the symmetric exclusion process q = 1,
, thus e 1 (0) = −4π 2 . Extrapolation of finite size numerics with L = 2, 4, . . . , 70 for µ = 1, 0.1, 0.01, 0.001 strongly indicates e 1 (µ) ≃ −4π 2 − µ 2 /2 near µ = 0. This suggests an expansion of the form The first d j 's, j ≥ 1 have some structure (the denominators are highly factorizable, the second term of d j+1 is equal to ±j/(8π 2 ) times the first term of d j , the next-to-last term of d j+1 is equal to −j/48 times last term of d j+1 ). We were however not able to find a full recursion formula to build the d j 's.
At large µ, the ASEP result
/L 3/2 leads to e 1 (µ) ≃ e 
Conclusions
We have shown in this paper that ASEP and TASEP have exactly the same fluctuations on the relaxation scale, which confirms that KPZ universality extends to the whole crossover between short time transient fluctuations and stationary fluctuations. This result follows from high precision evaluations of asymptotics of eigenvalues and eigenvectors using extrapolation methods on finite size Bethe ansatz numerics. The eigenvalues and eigenvectors of ASEP and TASEP are conjectured to be essentially the same, which leads to several formulas (27) , (29)- (35) for asymptotics of ASEP eigenstates. We believe that proving these conjectured asymptotics would be a necessary first step in probing the crossover between equilibrium and KPZ fluctuations, which occurs in the weakly asymmetric regime 1 − q ∼ 1/ √ L. Exact calculations for ASEP are however much more complicated than their counterparts for TASEP because of more complicated Bethe ansatz equations, and because of the presence of determinants that are not of Vandermonde type in the scalar products of Bethe vectors.
The extrapolation methods used in this paper to check the asymptotics should be useful for many other integrable models, at least in order to check asymptotic expressions, or even to guess new formulas as illustrated in the case of the spectral gap for ASEP with weak asymmetry.
Appendix A. Algebraic Bethe ansatz for ASEP
In this appendix, we summarize briefly the algebraic Bethe ansatz construction of the eigenstates of the generator of ASEP as products of creation operators acting on a reference state. For more details, we refer to [2] .
The creation operators, B and C, are built from the monodromy matrix
The monodromy matrix acts on the space
. . , L the two-dimensional vector space corresponding to the site i of an exclusion process, and V a an auxiliary space, also taken two-dimensional here. The space V i is generated by the vectors |1 i , |0 i , corresponding respectively to an occupied site and to an empty site. The Lax operator L ai (µ) acts non-trivially only on the auxiliary site a and on site i. Its local matrix in the basis ( A key point for the integrability of ASEP is that the Lax operators satisfy the Yang-Baxter equation
with R ab (µ) = P ab L ab (µ) and P ab the operator permuting the two auxiliary sites a and b. By construction, the Yang-Baxter equation also holds when replacing Lax operators L by monodromy matrices T, which implies that the transfer matrix
verifies the commutation relation T (µ)T (ν) = T (ν)T (µ) for all µ, ν. The existence of this commuting family of operators, to which belongs the deformed Markov matrix
, is at the heart of the integrability of ASEP. In particular, (A.3) and (A.4) are eigenvectors of T (µ) for all µ, with eigenvalue E(µ) defined in (11) .
The Yang-Baxter equation gives a quadratic algebra for the operators A, B, C, D defined in (A.1), in particular B(µ)B(ν) = B(ν)B(µ) and C(µ)C(ν) = C(ν)C(µ), which means that the order of the operators in (A.3) and (A.4) does not matter: the eigenvectors are symmetric functions of the Bethe roots. Explicit expressions for the components of the eigenvectors for configurations with particles at positions x j , j = 1, . . . , N, are given by the coordinate form of the Bethe ansatz (7), (8), see e.g. [38] for a derivation from (A.3), (A.4).
Appendix B. Numerical solution of the Bethe equations
In this appendix, we explain the method used in this paper to solve numerically the Bethe equations (4) . The method has two steps: we first solve the Bethe equations for TASEP using their simple structure when q = 0. We then use the TASEP result as a starting point for solving the Bethe equations of ASEP for a small value of q, and then iterate up to a target value with 0 < q < 1. Two iteration procedures are considered, either formulating the problem as a system of differential equations obtained by taking the derivative of the Bethe equations with respect to q, or using multidimensional Newton's method for solving directly the Bethe equations. In order to solve the Bethe equations for ASEP, one can consider the y j 's as functions of q and take the derivative of the logarithm of Bethe equations (4) with respect to q. We obtain the system of N ordinary differential equations 6) where y ′ j is the derivative of y j with respect to q. We write y ′ (q) = f (q, y(q)) and evolve (B.6) from the TASEP solution y(0) to a target value q in M steps with increments δq = q/M using the modified midpoint method. This second method, although much cruder than the one of Appendix B.2, performs in practice very well.
